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In this paper we prove that the Cartesian product of two trees is a semistable 
graph and we exhibit several vertices of semistability. We show that in most 
cases the Cartesian product of two paths is completely semistable and we list 
the exceptions. Finally, we characterize stable composite graphs. 
1. INTRODUCTION 
Throughout this paper, all graphs G will have a finite vertex set V = V(G) 
and will have no loops, directed edges, or multiple edges. The basic 
terminology is that of Harary [l]; additional group theoretical terms can be 
found in Wielandt [9]. If u and z, are adjacent vertices of G, we write u - a. 
We denote by r(G) the (vertex) automorphism group of G, and by 
F(G), the subgroup of F(G), each element of which fixes vertex u of G, 
considered as acting on V - {v}. G, is the subgraph of G obtained by 
deleting from G the vertex u and all edges incident with it. 
The concept of semistability was introduced in [3]. We say that G is 
semistable at vertex v if r(G,) = r(G), . (Note that we mean that Y(G,) 
and P(G), are identical permutation groups.) If there exists a vertex v 
at which G is semistable, we say that G is a semistable graph, and if G is 
semistable at v for all vertices v of G we say that G is completely semistable. 
Robertson and Zimmer [8] proved that all trees other than P, (the 
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and the tree T with five vertices as shown in Fig. I, are semistable at an 
end-vertex. Heffernan [Z] independently obtained the same results: 
and also showed that P, and T are semistable at then- vertices of degree 2. 
In [3] it was proved that all regular graphs are completely semistable, 
and in [5] a characterization of completely semi&able trees was given 
If there is a sequence S = (vl , ve ,..., us> of all the vertices of G such that 
then we say that G is stable; S is a stabilizing sequence for G. 
It is clear from the definition that for a graph G other than KI to be 
stable it is necessary that I’(G) contain a transposition. In /4] it was 
proved that this condition is also sufficient if G is a tree, and results of 
the authors [7] suggest that it is also sufficient if G is any vertex-transitive 
wph. 
In this paper we prove that the Cartesian product of any two trees is a 
semistable graph, and that, except for PI x P, , n > 3, P, x Pn , YE > 3 
and P, x .PZ , the Cartesian product P, x P,n , of two paths is corn~lete~~ 
semistable. We conclude by characterizing stable composite graphs. 
2. PRELIMINARY R~su~Tas 
In this section we gather together some results, the application of which 
will be needed several times in the ensuing work. 
DEFINITION. A path P, in a graph G, no two of whose edges lie in a 
common 3- or 4-cycle of G, is called a straight path. 
L~hlbtA 1. Let H be a subgraph of G and let g E F(G). Then HQ is 
isomorphic with H. (Here Hg is that subgraph of GJ”ormed by the images 
under g of the uertices and edges of H.) 
COROLLARY. Jf P is a straight path in G, then Pg is a straight path in 6. 
We now state, without proof, a characterization of semistability. 
A proof can be found in [7]. We first need some definitions to enable us 
to state the result. 
DEFINITION. The neighborhood, A$], of vertex v of graph G is the set 
of ail vertices w  of G adjacent to v. The corresponding closed ~eig~bor~o~d~ 
@Yj, is N[v] U (81. 
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LEMMA 2. Let g E r(G). Then, 
(i) [N[v]]Q = N[uQ] and 
(ii) [N[ul]Q = N-1. 
We may now state the characterization of semistability. 
THEOREM 1. G is semis-table at v if and only if [iV[v]]g = N[v] for all 
g E r(G,). 
3. THE SEMISTABILITY OF PRODUCTS OF TREES 
In this section we show that the Cartesian product of two nontrivial 
trees is a semistable graph. In the process we exhibit several vertices of 
semistability. 
We first note that P, x Pz is completely semistable. Henceforth we 
assume that not both Tl and T, are Pz . As Tl x T, s T2 x Tl, we 
assume without loss of generality that Tz is not P, . 
Before continuing we introduce some definitions and notation. 
Let G, ,..., G, be connected graphs. Any vertex of G1 x **a x G, 
which is of degree r we call minimal, and all nonminimal vertices of 
G, x .a* x G, which are adjacent to a minimal vertex we call semiminimal. 
Let Tl and Tz be trees. If u1 is an end-vertex of a longest path in Tl (Tz) 
and uQ is a penultimate vertex of a longest path in Tz (T,), we say that 
(ul , uz) ((us , q)) is an extreme semiminimal vertex of T1 x T, . 
Let o1 be an end-vertex of a longest path R, in T, and let the vertices 
of RI be labeled, in succession, by v1 ,..., v, . Vertices not in R, which are 
adjacent to vi we label vi1 ,..., vibci) for 1 < i < a. We continue this 
scheme so that vertices at distance d from R, bear d + 1 subscripts. 
By definition of v1 and R, , note that if the first subscript of such a vertex 
is 1, then the vertex can bear no further subscripts, if it is 2, the vertex 
can bear at most one further subscript, and if it is 3, the vertex can bear 
at most two further subscripts. As T, is not P, , it follows that T, has 
at least one penultimate vertex. Let w, be a penultimate vertex of a longest 
path R, in T, , adjacent to end-vertex w1 of Tz , and let the vertices of R, 
be labeled, in succession, by w1 , wZ ,..., w, . Vertices at distance 1 from R, 
are labeled, analogously to those at distance 1 from RI , by wii , 1 < i < 01, 
1 ej < P(i). 
From Theorem 1, we can prove that TX x Tz is semistable at (vl , wZ) 
if we can prove that N = N[(v, , wz>l is fixed by I’ = r((Tl x Tz)(u,,w,)). 
We note that N = Kvl , WA (vl , 4, VJ, , w& (vl , ~4, 1 <j G I%>>. 
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LEMMA 3. rf T2 is I&, for some n > H, then Tl X T, is semistable 
at the extreme semiminimal zjertex (ul , wz). 
PiVOj-. The assertion follows if we can prove that in this case N is 
fixed by T’. Now in (TI x Tz)+~o,) , the vertices in 6I = {(q , rv,), (ul , wJ, 
(uI , w,J, 1 <j < p(2)) are all the end-vertices, so that d is fixed by F. 
Moreover, (vg , WJ is the only vertex at distance 2 from each vertex in d, 
and so is fixed by I’. Tt follows that N is fixed by I’ and the lemm 
We shall assume henceforth that T, is not Ki,n for any M > 1. It 
that w9 is not an end-vertex of T3, so that in (,T, x Tz)+GS) , the set 
‘Q = ((VI 9 w,), (ul , wzj), 1 < j < p(2)) is the set of all end-vertices, and 
so is fixed by f9 If p(2) + 0 then (Us , wz) is the only vertex at distance 2 
from all the vertices in B and so is fixed by I’. If p(2)’ 
also at distance 2 from Sz, as may also be (us ~ ~4~). 
deg(u,, , wl) so (u2 , w2)g # (uzi , wl) for any g in T. If (us, wr) is at distance 2 
from Q then b(2) = b(3) and if (v?. , w2)0 = (ug ~ wr) then we are forced to 
have g of order 2 and (u, , w,)g = (us , w3) and (uq , w,)9 = (~1~) w.J. 
Comparing the degrees of these last four vertices shows that b(3) = b(2)+ I, 
a contradiction. Hence (v2 , wz) is again fixed by T’. 
Thus to shsw that N is fixed by I’, we need only show that (VI, w,) is 
fixed by I’. In the following steps we show that this is usually the case, 
and point out that when it is not so, then T, x T2 is semistable at so-me 
vertex other than (21~ , wa) The basis of the former argument is as follows. 
Suppose (vr , w3) is not fixed by T. Then there exists g E T such that 
(2% 9 w~)~ # (?I~, wQ). As remarked above 92 is fixed by 17; and so by g, 
and (D, , wz) is fixed by T, and so by g. As (ul, w8) is at distance 4 from 
each vertex in 92 and at distance 2 from (Q , IV,), it follows that (q , M/$ 
is at distance 4 from each vertex in Q and at distance 2 from (19% 1 w2), 
We deduce that (ziI , IQ’ belongs to the set G = ((zlq , w,), (v, , w,), (v2 ) w,), 
hi , WA, 1 < i < b(3), (uzi , w,), 1 < i d b(2), (vz , w&, 1 < i < ,B(3)$. 
Note that some of the vertices in C might not exist; the proof to follow 
treats several cases in which we assume (21~ p wS)g = v E C, and in such 
a case we shall assume the existence only of u and those other vertices 
which consequently must exist. We shall show that with few exceptions, 
(VI 3 wg)li cannot be any of the vertices in C, whence we are forced to 
conclude that (0, , w,)” = (ul , w3) for all g E k, that N 4s fixed by P and 
that T, x T, is semistable at (q , wz). 
The two basic techniques to be used are: (i) We argue on the degree 
of (tir , wJ; and (ii) we discuss the image under g of the straight path P: 
(VI 3 WJ, (v2, WJ,..., (v, , wQ) in (TI x T2)(Vl,Vz) . As a final comment here, 
we mention that if w  is a vertex of (TI x T.J(V,,w,) , then we denote by 
deg w  the degree of w  in (T, x Tz)~V,,w,) .
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We first deal with the case T1 = Pz , for which we need the following 
definition. 
For a positive integer n, let X, be the graph obtained from P3 by 
identifying the vertex of degree n in the graph KI,% with an end-vertex 
of P, . In Fig. 2 we show X, (= P4), X, and X, . 
* e = 0 
Wl w2 w3 w4 ywx wl~qk 
Wl 
Wl 
Xi X2 x3 
FIGURE 2 
LEMMA 4. Assume Tz is not KI,n for any n 3 1. Then P2 x Tz is 
semistable at all its extreme semiminimal vertices if and only if Tz is not X, 
for some positive integer m. Pz x XI is semistable at its minimal vertices, 
and Pz x X, for m > 1 is semistable at its semiminimal vertices of degree 3. 
Proof. In the nonexceptional cases, it is sufficient to prove that 
Pz x Tz is semistable at (q , wJ. In this case C = {(vz , ~3, (v, , w&, 
1 < i < p(3)). Note that C is nonempty as Tz + P3. 
(A) Suppose that (vl , w3)9 = (vz , w.J (see Fig. 3). 
FIGURE 3 
Now, recalling that (u2 , w&g = (v2, w,), it follows that the image 
under g of the maximal straight path (vl , w,), (uz , w,), (v2 , wz), (uz , wJ, 
(VI 7 WJ must be a maximal straight path which passes through (vl , w&s = 
(vz 2 wg) and (u2 , w&g = (vn , w,). This new maximal straight path must be 
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i 
u2 1 M~4), (02 3 %A (h, w3, (u2 7 WI), (VI 9 w3 01 (02 7 w3, (02 9 %I, (02 > w3, 
a2 , wpj), (ul , wzj) for some j. It follows that w1 is an end-vertex of Tz ) 
whence deg (Q , w4) = 2. Thus deg (q , w3) = 2, so that w,? does not 
exist. It follows that Tz is X, for some m 3 1, and is labeled in the 
manner suggested in Fig. 2. In these cases P, x T, is not semistable at 
(vI , w,), for we obtain no contradiction in assuming that (q j w&g = 
(u2 , w& so that N is not fixed by r. However, it is easily shown that 
Pz x XI is semistable at its minimal vertices, and for 112 > I 1 that P2; x 1K, 
is semistable at its semiminimal vertices of degree 3., 
(B) Suppose that (21~ , Qg = (21~ , wgj) for some j. 
By the argument used in {A), we deduce that wSj is an end-vertex of T, . 
It follows that deg(v, , wQj) = 2, while deg(v, 7 wg) = 3. Thus (vl , wJQ + 
Bv2 > w&, which is a contradiction. 
This concludes the proof. 
We may now assume that neither TI nor Tz is Id, , and that T2 is not 
-W,,, for any IZ > 1. 
LEMMA 5. Assume that T2 is not f& for any az 3 1 and that Tl is 
iwt P, , Then T, x T, is semistable at the extreme semiminimul vertex 
@I > a. 
proof: fn this case c = ((21~) IV,), (2~~ , ~3, (2~ , w& (Jgi , w2), 
1 < i < b(3), (%i , 4, 1 < i < b(2), (u,, wd, 1 < i < /WI. 
(A> Wvose (0, , ~2 = (us 7 ~~1. 
Now deg(v, , ~3 = 2 + b(3) i 2 $ p(3) = 4 + b(3) + P(3), whereas 
deg(u, , w,) = 2 -t p(3). Thus we have a contradiction (whether or not 
b(3) = 01, and so (ul , wJg # (us , wJ. 
(B) Suppose (21~ , w~)~ = (u2, wl) (see Fig. 4). 
P. 2 
B: (v2, WI) 
c: IV?, W?) 
D: (v;, W,, 
3: (v, 3 w,.) 
P: (YZ, WJ 5 
G: (Vl, w3) 
3: (Vl I w4) 
R: (v,, Yq) 
FIGURE 4 
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Now (Q , wJg = (v2 , wJ. Because (Q , w3) - (aI , IV%) and (Q , wz), 
we have (2~~ , w3)g - (vl , w3jg and (vz , w~)~. So (0% , w,)Q - (Q , w4) and 
(v2 , w,), and we have (u2 , w3jg = (v2, w,). Now (vl , w& (v2 , w3) and 
e-5 2 wa) are the first three vertices in the straight path P, so by Lemma 1, 
Corollary, we have that (vl, w$, (vz , w3)g and (us, wz)g are the first 
three vertices in the straight path Pg. So (Q , ~3, (vz , wJ and (~a , w&g 
are the first three vertices in the straight path Pg, whence we must have 
6% 2 w&9 = (vz , IV,) or (vz , IQ) for some i. The former is impossible, 
as (v2 , w&g = (vz , w2), and the latter is impossible as (va , w3) lies in a 
4-cycle also containing (v2 , w,) and (z+ , IV,), but (v2 , wQi) does not lie in a 
4-cycle also containing (0, , IV&’ = (vz , w,) and (zig , w&g = (v2 , w,) (see 
Fig. 4), thus contravening Lemma 1. Thus we have a contradiction, and 
(VI 3 %lS 5 cv2 3 w,>. 
(Cl Suppose (4 , ~2 = (vq , WA. 
Again (0, , wJ0 = (v2, I+,). Analogously with (B), (vz , w3)g = (vQ, w2). 
As in 0% h, w$ must be the third vertex in the straight path Pg, 
whence (va , wJQ is either (v2 , w,) or (V~~ , wz) for some i. By an argument 
as in (B), all are impossible. So (ZIP , wa)g # (~7~) IV,). 
CD> Suppose (vl , w3)g = (v,! , w,) for some j. 
Again (Q , w2)g = (vz , IV,). As in (C), (v2 , PV$ = (ZJ~ , w2). We obtain 
that (~a , ws)g is the third vertex in the straight path Pg, and so must be 
either (vz , 4 (v4 , ~4 or hi , w,) for some i + j. By an argument 
similar to that in (B), all are impossible. So (vl , 1~38 # (vzj , w8) for any j. 
(E) Suppose (vl, w&s = (vu. , wa) for some j. 
Here we obtain a contradiction in that deg(u, , wJ cannot equal 
deg(v,, , w3) for any j. 
So (vl , w3jg i: (uzj , wd for any j. 
(F) Suppose (ul , w,)g = (vz , w,& for some j. 
Again (vz , w2)9 = (v2 , IV&. As in (B), (v, , w&g = (Q , IV&. Thus 
(us , w3)g is the third vertex in PQ and can only be either (vz , w,), (uz , wq) 
or (vz , wai) for some i fj. Arguing as in (B), all are impossible. So 
(VI > wJg f (.Q , wsj) for any j. 
This completes the proof of the lemma for, as commented previously, 
N is fixed by r and Tl x Tz is semistable at (vl , w,). 
Lemmas 3, 4 and 5 and the fact that P, x Pz is completely semistable 
together imply the following. 
THEOREM 2. If T, and Tz are nontrivial trees then Tl x Tz is semistable. 
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Remark. The various lemmas of this section in fact indicate that if 
TI x Tz is not isomorphic to P2 x P, or P, x Xm for some rik 3 f, 
then TI x Tz is semistable at each of its extreme semiminimal vertices. 
From our investigations, it would also seem that the fo~~ow~~g conjecture 
is true. 
Conjecture. TI x P;, is semistable at all of its minimal vertices, 
with the exception of P, x P, . 
We have a partial verifkation of this conjecture. 
TKEOREM 3. P, x T is semistable at all its minimal vertices for cdl 
trees T and all n >, 2, unless P, x T g P, x P, _ 
FP’oo~. (i) Assuming T is not P, , we shall first prove that P, X T 
is semistable at all its minimal vertices. 
First of all, note that if T is P2, then P2 x T is semistable at all its 
minimal vertices. Thus assume T is not P, . 
We consider two cases separately: (CX) minimal vertices of P, X T 
corresponding to end-vertices in T adjacent to a vertex of degree two, 
and (/I) all other minimal vertices of P, x T. 
Let a be an end-vertex in T adjacent to vertex b, which is in turn adjacent 
also to cl , c2 ,..., c, , where ci is also adjacent to d,, , di2 ,..., disti) , md 
so on. Let the vertices of P, be labeled 1 and 2. We shall show that P, x T 
is semistable at (1, a), and so consequently also at (2, a). Again we use the 
characterization of Theorem 1 and prove that N = N[(I, a)] is fixed by 
I- = mpz x %,a,l- 






0% ' T)(i,e) 
R: (2, a],# 1)) 
5: (2, dl., f 
>I: (2, cl,,) 
FIGURE 5 
We shall show that N is fixed by r. Now (2, a) is the only end-vertex 
in (Pz x T)(,,,, , so is fixed by r. Assume there exists g E r such that 
(I, b)Y # (I, b). Now, as (1, b) is at distance 2 from (2, a), which is fixed 
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by r, we must also have (1, b)g at distance 2 from (2, a). Thus (1, b)g can 
only be (2, cl). Now deg(1, b) = 2, but deg(2, cl) = 1 + 1 + 6(l) = 
2 + 6(l), which is greater than 2 unless 6(l) = 0. Thus, for 6(l) # 0, 
we have a contradiction, and (1, b) is fixed by I-‘, whence Pz x T is 
semistable at (1, a). If 6(l) = 0, T is P3, and, as the transposition 
((1, b)(2, cl)) belongs to r[(P, x P3)(l,a,], but not to r(P, x P3), Pz x PS 
is not semistable at (1, a). 
Go>: y > 1 (Fig. 6). 
A: (1, b) 
B: cl, cy) 
c: Cl, cq) 
D: (1, cl) 
G: (1, '311) 
H: (2, a) 
K: (2, bl 
L: (2, cy) 
M: (2, ~21 




Again N = ((2, a), (1, b)}. Again (2, a) is fixed by r, being the only 
end-vertex. Assume there exists g E r such that (1, b)g # (1, b). By an 
argument almost identical to that used in the proof of Lemma 4, we 
derive a contradiction. Thus (1, b), and consequently N, is fixed by r. 
It follows that Pz x T is semistable at (1, a), Similarly, Pz x T is semi- 
stable at (2, a). We have thus proved the first part of the theorem. 
(ii) We now prove that for n 3 3, P, x T is semistable at all its 
minimal vertices unless IZ = 3 and T = P?; . We assume that T is labeled 
as in (i), and that the vertices of P, are labeled, in order, I, 2,..., ~1. We 
shall show that P, x Tis semistable at (1, a) and so also at (n, a). Figure 7 
shows the portion of (P, x &,a) “near” (2, a) and (1, b). 
We shall show that N = N[(l, a)] = {(2, a), (1, b)) is fixed by 
I- = mp, x n1,ld- 
We first show that (2, b) is fixed by r. Suppose there exists g E r such 
that (2, b)g # (2, b). Now (2, b) - (2, a), where deg(2, a) = 2. Thus 
(2, b)g - (2, a)g where deg(2, a)” = 2. But (2, a) - (2,b) and (3, a), so, as 
(2, big # C&b), if G’,4g = 0, >, a we must have (2, b)g = (3, a). However 
deg(3, a) is 2 (if y1 = 3) or 3 (if IZ > 3), but deg(2, b)Q = deg(2, b) > 4 
unless T is Pz . If T is P2, and n # 3, the proof of (i) applies. We have 
already shown that PS x P3 is not semistable at its minimal vertices. 
We shall thus assume that T is not Pz , in which case we have a contra- 
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A: (1, b) B: 
B: (1, c,l p: 
c: (1, c,) Q: 
F: (2, bj T: 
6: (2, c,) u: 
Ii: (2, cg) v: 
J: (2, C;) w: 
R: (3, 2) x: 
i: (3, -0) y: 








diction, and (2, a)” f (2, a). As (2, a) is of degree 2 so must (2, a)g be of 
degree 2. Thus (2, a)” = (1, V) or (n, v) where v E V((T) is an end-vertex. 
(a) Suppose that (2, a)” = (1, v). 
We have (1, v) - (2, v) and (1, w) for some w  E V(7), where deg(2, a) = 
3 < deg(2, b). Thus (2, b)g is (1, w). Now (3, a) - (2, ce), so (3, a)” - 
(2, a)” = (a, v). M oreover, deg(3, a) = 2 (if x2 = 3) or 3 (if n > 3). 
Thus (3, a)g = (2, v), and deg(2, v) = 3, so if n = 3 we have a contra- 
diction, and (2, b)g = (2, b). 
Suppose yz > 3. Then (4, a)” - (3, a)“, so (4, a)g - (2,~) Moreover, 
deg(4, a>g = deg(4, a) = 2 (if n = 4) or 3 (if n > 4). Thus (4, a)B, being 
of degree less than 4 adjacent to (2, v), must be (3, v). If n = 4, we get 
a contradiction by degrees as above. If n > 4, we continue the process. 
As n is finite, we eventually must obtain a contradiction, whence 
(2> b)g = (2, b). Thus (2,b) is fixed by r. 
(p) Suppose that (2, a)” = (n, v). 
The proof for this case follows exactly the same lines as that for (a)~ 
We omit it, but note that, as (1, a) was the vertex deleted from P, x TP 
it is necessary to prove case (j3) separately. 
We thus have, that in all cases, (2, b) is fixed by r. If deg(1, b) = 2, 
then N = ((2, a), (1, b)} is the set of all vertices of degree 2 adjacent to the 
fixed vertex (2, b), and so is fixed by r. If deg(1, 6) i: 2, then (2, a) is the 
only vertex of degree 2 adjacent to (2, b) and so is fixed by F. Suppose 
there exists g E Y such that (1, b)Q # (1, b). We must have (1, b)g - 
(2, b)g = (2, b). N ow the smallest cycle containing (2, a), (2, b) and (1, b) 
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has eight vertices. The smallest cycle containing (2, a), (2, b) and any 
vertex other than (1, b) which is adjacent to (2, b) has six vertices. This 
gives a contradiction, by Lemma 1. Thus (1, b)g = (1, b), and N is fixed 
by r. In any case, N is fixed by r, so that P, x T is semistable at (1, a). 
Similarly, P, x T is semistable at (n, a). 
This concludes the proof of the theorem. 
4. THE COMPLETE SEMISTABILITY OF PRODUCTS OF PATHS 
We know that P, x P, is a semistable graph for all m and n, this 
following from the theorems of Section 3. In this section, we prove a 
theorem which tells us more, that, for most values of m and n, P, x P, 
is completely semistable. 
THEOREM 4. Except for PI x P, , Pz x P, (n 3 3) and Ps x P3 , 
the graph P, x P, is completely semistable. 
Proof. Pz x P, , (n > 3) and Ps x P3 are not. semistable at the 
vertices marked with a cross in Fig. 8. PI x P, = P, is completely 
semistable only for n = 2. PB x P2 is completely semistable, by Theorem 3, 
as all its vertices are minimal. 
We may thus assume that m, n 2 3, with m and n not both equal to 3. 
Let the vertices of P, be labeled in order l,..., m, and those of P, in 
order l,..., n. Thus the vertices of P, x P, are labeled (i,j), 1 < i < m, 
1 < j < ~1. By Theorem 1, to show that P,, x P, is semistable at (i, j) it is 
sufficient to show that N = N[(i,j)] is fixed by r = r[(Pm x P,)(i,j)]. 
There are three cases to consider. 
(i) i = 1. (See Fig. 9). 
If .i = 1, 2, n - 1 or ~1, then (1,j) is minimal or semiminimal, and by 
Theorems 2 and 3, P, x P, is semistable at (1,j). We thus assume that 
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---A* - -E 
FIGURE 9 
3 <j < n - 2, in which case n >, 5. N = ((l,j - I), (l,j -t l), (2,.j)3. 
Now (I, j - 1) and (1, j + 1) are the only vertices of degree 2 (in 
(Pm x P,)(Isj)) adjacent to a single vertex of degree 3, so ((l,.j - I)? 
(1, j + I)) is fixed by l7 Also, (2, j) is the only vertex at distance 2 from 
both (1) j - 1) and (1, j + I), and so is fixed by I’. Thus N is fixed by I’, 
and P, x P, is semistable at (1, j). Similarly, I’*,, x 9, is semistable 
at @,j). 
(ii) i = 2. 
Tfj = 1 or n, then (2, j) is semiminimal, and by Theorem 2, P, x P, 
is semistable at (2,j). We thus assume 2 < j < n - I There are two 
subcases to consider. 
(a) Suppose m = 3, 72 > 4. 
Firstly, suppose further that 3 < j < n - 2, in which case n > 5 




and (2, j + 1) are the only vertices of degree 3 at distance 2 from two 
vertices of degree 2 which lie in an S-cycle also containing these vertices 
of degree 2, so {(2, j - l), (2, j + 1)) is fixed by IY Also (l,,j) and (3,j) 
are the only vertices at distance 2 from both (2,j - 1) and (2, j + I), 
so ((1, j), (3,j)) is fixed by r. Thus N is fixed by P’ and P, x P, is semi- 
stable at (2, j). 
Now suppose that j = 2 (see Fig. 11). N = ((1, 2), (3, 2), (2, l), (2, 3)). 
Now (I, 2) and (3, 2) are the only vertices of degree 2 adjacent to one 








vertex of degree 2 and one vertex of degree 3, so {(1,2), (3,2)> is fixed 
by .C Also, (2, 1) is the only vertex of degree 2 at distance 2 from (1,2) 
and (3,2), and so is fixed by I’, and (2,3) is the only vertex of degree 3 
at distance 2 from (1,2) and (3, 2), and so is fixed by l7 Thus N is fixed 
by r and P3 x P, is semistable at (2,2). Similarly, P3 x P, is semistable 
at (2, n - 1). 
(b) Suppose m > 3. 
Firstly, suppose further that 3 <j < n - 2, in which case n > 5 




only vertex lying in no 4-cycle, so is tied by r. Also (1, j - 1) and 
(1, j + 1) are the only vertices adjacent to (1, j), so ((1, j - l), (1, j + l)} 
is fixed by r. Now (3, j) is the only vertex at distance 3 from both (1, j - 1) 
and (1, j + l), and so is fixed by r. Moreover (2, j - 1) and (2, j -t- 1) 
are the only vertices at distance 2 from both (1, j) and (3, j), so ((2, j - l), 
(2, j + 1)} is fixed by r. Thus N is fixed by r, and Pm x P, is semistable 
at C&j). 
Now suppose that j = 2 (see Fig. 13). N = {(l, 2), (3,2), (2, l), (2, 3)). 
If n = 3, then P, x P3 is semistable at (2,2), by (a). Thus assume n > 3. 
Now (1,2) and (2, 1) are the only vertices of degree 2 adjacent to one 
vertex of degree 2 and one vertex of degree 3, so ((1, 2), (2, 1)) is fixed 
by .I7 If both m, II > 4, then (2, 3) and (3,2) are the only vertices of 
degree 3 adjacent to two vertices of degree 4, so ((2, 3), (3,2)} is tied by r. 
If m = 4, n > 4, then (2, 3) is the only vertex of degree 3 adjacent to 
two vertices of degree 4, and so is fixed by r, whence each of (1,2) and 
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(2, 1) are fixed by r, as they are at different distances from (2, 3). In this 
case (3, 2) is also iixed by I’ as it is the only vertex at distance 2 from 
(2, 3), at distance 2 from (2, 1) and at distance 4 from (1,2). Thus again 
{(2, 3), (3,2)) is fixed by I’. If m > 4, n = 4, by interchanging m and n 
we obtain once more the case just considered. Finally, if m = n = 4, 
then (2, 3) and (3,2) are the only vertices of degree 3 not adjacent to a 
vertex of degree 2, so again ((2, 3), (3,2)} is fixed by I? 
Thus in all cases ((2, 3), (3, 2)) is fixed by r, so N is fixed by r and 
P, x P, is semistable at (2,2). Similarly, P, x P, is semistable at 
(2, n - 1). 
Waving covered all cases, we have that, with the exceptions shown in 
Fig. 7, Pm x P, is semistable at (2,j). Similarly, P, x P, is semistable 
at (m - l,j). 
(iii) 3 < i < m - 2. 
If j = 1, 2, n - 1 or n, then by interchanging m and n we obtain once 
more either (i) or (ii). Thus assume 3 < j < n - 2 (see Fig. 14). 
N = ((i - l,j), (i, j - l), (i, j + l), (i + 1,j)). The vertices in N are 
the only vertices of degree 3 adjacent to more than one vertex of degree 4, 
so N is fixed by r, and P, x P, is semistable at (i, j). 
-- -P.---B--o 
I I I I I I I 
I I I I I I I 
-- -. .- -- 
FIGURE 14 
38 HOLTON AND GRANT 
We have thus shown that, with the few exceptions mentioned earlier, 
P, x P, is semistable at (i, j), for all vertices (i, j), so P, x P, is 
completely semistable. 
We conclude by utilising the concept of semistability to provide an 
infinite collection of a symmetric graphs. To begin with, we have the 
following. 
THEOREM 5. The graph G = Pm, x .*. x Pm, is semistable at its 
minimal vertices, unless G s P2 x P3 . 
ProoJ: If mi = 2 for all i, then G is the r-cube Q. . Q, is regular, 
so by Theorem 3.1 of [3], Qr is completely semistable, and so certainly 
is semistable at its minimal vertices. We thus assume that for some 1, 
m, > 2. 
Label the vertices of Pm<, in order, 1,2,..., mi . To prove the theorem, 
it is sufficient to prove that G is semistable at z, = (1, l,..., 1). Let v$ 
denote the vertex (1, l,..., 2, l,..., 1) of G, with the 2 in the ith position. 
This vertex projects to end-vertices of Pmj for j # i and to a penultimate 
vertex of Pma . Now in G, N[v] is the set S = {vi}ir,r . By Theorem 1, 
to prove that G is semistable at v we need only show that S is fixed by 
I’ = I’(G,). Now in G, , vi has degree r if mi # 2 and degree P - 1 if 
mi = 2. Let R be the subset {vi E S: mi = 2) of S. The vertices in R are 
the only vertices of degree r - 1 of G, , so R is fixed by r. Suppose that 
1 S - R 1 > 1. Let wij denote the vertex (I ,..., 2, I,..., 2, l,..., 1) of G 
adjacent to vi and v5 , where the 2’s are the ith and jth coordinates of wij . 
Let PV be the set (wij: mi , mj > 2). The vertices in W are the only vertices 
of degree r + 2 of G, which are adjacent to two vertices of degree Y 
(wij E W is adjacent to vi and q), so W is fixed by r. Now let M be the set 
of vertices of degree r of G, which are adjacent to at least one vertex 
of W. As the only vertices of degree r adjacent to vertices in W are vi , 
where mi > 2, we see that M = S - R. Clearly h4 is fixed by r, so 
S - R is fixed by I’, whence S is fixed by I’. Thus G is semistable at v. 
Now suppose that 1 S - R 1 = 1. Without loss of generality, we may 
suppose that m, > 2 and mi = 2 for i = 2,..., r. Then y is the only 
vertex of degree P of G, which is at distance 2 from all the vertices in R, 
which is fixed by r. Thus v1 is fixed by r. It follows that S is fixed by r 
and G is semistable at v. This completes the proof. 
From this theorem, we may deduce the following. 
COROLLARY. If mi # mj for i f j, then the graph G, of the theorem 
is asymmetric. 
Proof. r = r(c) = rpml) x *-* x I’(P,,J (see [I, page 1661). Now 
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r(Pmi), as an abstract group, is C, , so / I’\ = 2’. 
G is semistable at TV, so T(G,) = r(G), . From Theorem 3.2 of [9], 
j I’(G)\ = 1 I’(G), 1 j GG) 1, where ~~(~1 is the set (ZP: g E m?(G)]. Now 
vrcG) is the set of all vertices of degree Y in 6, so ) uric) j = 2’. Thus 
! r(G), j = 1, whence ) I’(GU)j = 1 and 6, is asymmetric. 
5. STABILITY OF CARTESIAN PRODUCTS 
In Sections 3 and 4 we proved that the Cartesian product of several 
classes of graphs are semistable. We shall now show that, by and large, 
Cartesian products are not stable. We first restate as a lemma the necessary 
condition for stability mentioned in Section 1~ 
LEMMA 6. If G is a stable graph other than Kl , then F(G) contaivls a 
transposition. 
Proof. As G Z Kl , we may assume j V(G)1 3 2. 
Suppose G is stable with stabilizing sequence (zll ,..., 0,). Thus 
r(Gvl.L.z..:.Ug-J = I’(G)V1s....g-Z . Now G211GL.z...liy--2 , having vertices D~-~ 
and zjI,, IS either Pz or Pz, so T(G81V3...og--“I) is (I, (v,-,v,)). (Here I is the 
identity permutation on the set (zI,-~ , v,).) We deduce that I’(G) contains 
the transposition (21~)(21~) a*. (v,-~)(u,~~v,). 
We now state a result relating the structure of the components of the 
product G, x Gy to the structure of the components of 6, and G, . 
LEMMA 7. If G1 has components .X1 ,..., IT,, and G, has components 
L 1 ,...) L, , then G1 x G, has components El6 x Lj , 1 < i < r, I < j < s. 
This result follows directly from the definition of the Cartesian product. 
of two graphs. We omit the proof. 
We now deduce the result which enables us to characterize stable 
composite graphs. 
LEMMA 8. If G is a connected composite stable graph, then G is P, x P2 . 
Proof. As G is composite and connected, we may express G as G, x G,, 
where, by Lemma 7, G, and 6, are connected (and not &). Suppose G is 
stable. By Lemma 6, we deduce that I’(G) contains a transposition, say 
((aI , ai@, ,O. Here al and bl , a, and b, are vertices in GI and G2 s 
respectively. From Lemma 2 we deduce that, if (aI , aZ) + (b, , IpZ), t 
N(a, ,adl = N(h , &Jl, and if (aI , 4 - (b, , bJ, then NCal 9 41 - 
Jmbl 9 hJ3. 
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Suppose W.31 = {cl1 ,..., cl& WA = (czl ,..., cd-, NU = VII ,..., 4,> 
and N[&J = (d,, ,..., &}. Then 
and 
Assume b, # a2 . Then (dli , b,) - (al , a& i = l,..., n, whence Qi = a,, 
i = l,..., n, and b2 - a, . Similarly (cli , a2) - (b, , b,), i = I,..., k, so 
cli = bl , i = l,..., k. We deduce that a, - b, , from which it now follows 
that d2i = a2, i = l,..., r and c2i = b, , i = l,..., m. We deduce that, 
a, , bl , a, and b2 all have degree I, and conclude that G is PZ x P, (see 
Fig. 15). 
(al,%) (al ,bz) 
? T 
FIGURE 15 
If b2 = a2 , then clearly b, # a,. By the above proof, we find that 
b2 # a2, which is a contradiction. To complete the proof, we observe 
that {(aI , a,), (b, , b,), (aI , b,), (a2 , b,)} is a stabilizing sequence for 
P2 x P2 , which is therefore stable. 
To obtain the full characterization of stable composite graphs, we also 
need the following result, which is Theorem 5 of [4]. 
LEMMA 9. The graph G is stable if and only if each of its components 
is stable. 
We now have the following. 
THEOREM 6. The composite graph G is stable if and only if it is the 
product of two prime graphs G1 and G, which are each of the form aK, v bP,, 
where a and b are nonnegative integers, not both zero. 
Proof. By Lemmas 8 and 9 the composite components of G are all 
P2 x P2, so by Lemma 7, all other components are P2 and Kl . This 
immediately implies that G is of the form stated. 
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